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Abstract: 

A new condition is given for generalized Abel differential equation to have a center. We 
apply the results to some polynomial differential systems in the plane to find necessary 
and sufficient center conditions. 
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1. Introduction: 

We consider generalized Abel 
differential equation of the form 
ௗ௫

ௗ௧
ൌ ∑ 	ሻݐ௞ሺ݌

௡
௞ୀଶ  ௞  (1)ݔ

where 	݌௞(t) are real valued continuous 
functions on [0, ω] and x	∈ ܴ. For a fixed 
real number ω we seek information about 
the number of solutions of (1) satisfying  

 x(0) = x(ω);we say that such solutions 
are periodic of period ω. The solution x = 
0 is called a center for (1) if all solutions 
starting in a neighborhood of x = 0 are ω-
periodic solutions. Furthermore, if they 
are isolated are called limit cycles of (1). 
Let x (t, c) be the solution of (1) such that 
x (0, c) = c. 

We write, for 0 ൑t൑ ω and c in a 
neighborhood of the origin ;ݐሺݔ 0, ܿሻ ൌ
∑ ܽ௜ሺݐሻ	ݔ௜.
ஶ
௜ୀଵ  

Since ;ሺ0ݔ	 0, cሻ ൌ c , we must have 
ܽଵሺ0ሻ ൌ 1  and ܽ௜ሺ0ሻ ൌ 0  for i൒2.The 
values of ܽ௜ሺ߱ሻ  is called the i th focal 
value. The origin is a center if and only if 
ܽଵሺ߱ሻ ൌ 1  and ܽ௜ሺ߱ሻ ൌ 0  for i൒2 
(see[2,3]). 

Let ܾ௞ denote the operator multiply by 
 ௞ and integrate. For example݌

ܾଶܾସܾଷሺtሻ ൌ
׬	 ׬	ሻݏଶሺ݌ ሻݎସሺ݌

ୱ
଴ ׬	 ሻݑଷሺ݌

୰
଴ ݏ݀	ݎ݀	ݑ݀	

௧
଴ . 

Abel equations arise in several 
circumstances but perhaps the main 
reason for their recent study is connected 
to the family of systems 

•ݔ  ൌ ݕ ൅ܯሺݔ,   ሻݕ
 (2) 
•ݕ  ൌ െݔ ൅ ܰሺݔ,   ሻݕ
when M and N are homogenous 
polynomials of the same degree n൒2.For 
systems of the form (2), the origin is a 
singular point of focus type fine (if it is a 
center for the correspo-nding linearzed 
system). Limit cycles bifurcate out of a 
fine focus when the coefficients of M and 
N are perturbed suitably; limit cycles so 
generated are said to be of small 
amplitude. A transformation due to 
Cherkas allows us to bring these systems 
to the form (1) where p୧  are now 
trigonometric polynomials.There are also 
transformations to Abel-type equations for 
more general systems; see [3]. This 
trigonometric Abel equation has been 
used in a large number of works in order 
to estimate the number of limit cycles or 
obtain center conditions. 

2. Preliminaries:  

We shall give the two main results on 
which this work is based. The first is a 
result due to Devlin [4], which concern 
center conditions for (1). 
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Theorem 1[4]. Suppose that there is a 
differentiable function σሺtሻ  such that 
ሺ0ሻߪ ൌ ሺ߱ሻߪ  and that for each ݇ ∈
ሼ2,3,… , ݊ሽ, there is a continuous functions 

௞݂ defined on 
ܫ  ൌ ,ሺሾ0ߪ ߱ሿሻ  such that ݌௞ሺݐሻ ൌ
௞݂ሺߪሺݐሻሻ	ߪ•ሺݐሻ. Then the origin is a center 

for the differential equation (1). 
Also the second result due to Devlin [4], 

which enables to give the formula of 
ܽ௡ሺݐሻ to find center conditions of (1). 

Theorem 2[4]. For n ്	1, 

	ܽ௡ ൌ ∑ ሺn െ i ൅ 1ሻܽ୬ି୧ାଵ	ܾ௜	
௡
௜ୀଶ .  (3) 

3. Center of Abel equations:  

In this section, first we give a general 
condition for a center. For this purpose we 
must prove the following results in below. 

Theorem 3. Suppose that ݌௝  has mean 
value zero and for ݇ ∈ ሼ2,3,… , ݊ሽ\ሼ݆ሽ , 
there is a continuous functions ௞݂ defined 
on ܫ ൌ ,ሺሾ0ߪ ߱ሿሻ  such that ݌௞ሺݐሻ ൌ

௞݂ሺߪሺݐሻሻ	ߪ•ሺݐሻ where ߪሺݐሻ ൌ ׬ ݏ݀	ሻݏ௝ሺ݌
௧
଴ . 

Then the origin is a center for the 
differential equation (1). 

Proof. Suppose that ׬ ds	ሻݏ௝ሺ݌
ఠ
଴ ൌ

0	 and ௞݌	 ൌ ௞݂ሺߪሻ	ߪ•  where ሻݐሺߪ	 ൌ
׬ ds	ሻݏ௝ሺ݌
୲
଴  for 	݇ ∈ ሼ2,3,… , ݊ሽ\
ሼ݆ሽ.Then	ߪሺ0ሻ ൌ ௞݌ ሺ߱ሻ andߪ ൌ ௞݂ሺߪሻ	ߪ• 
for ݇ ൌ 2,3,… , ݊. Hence the hypothesis of 
Theorem 1 are satisfied, then the origin is 
a center for (1). 

Remark1. Theorem 3 includes known 
conditions for the origin to be a center: 
௞݌ ൌ 0	 for ݇ ൌ ሼ2,3,… , ݊ሽ\ሼ݆ሽ  and 
׬ ds	ሻݏ௝ሺ݌
ఠ
଴ ൌ 0 (see corollary 7.3 in [4]). 

As a consequence of Theorem 3, one has 
obtained the following result. 

Corollary 1. If ݌௞ ൌ ܿ௞	݌௝  and ݌௝  has 
mean value zero where ܿ௞ is a constant for 
݇ ൌ ሼ2,3,… , ݇ሽ\	ሼ݆ሽ. Then the origin is a 
center for the differential equation (1). 

In this paper we consider the following 
natural extension of the Abel equation 
•ݔ ൌ ௡ݔ	ሻݐ௡ሺ݌	 ൅ ௠ݔ	ሻݐ௠ሺ݌  with n > m 
>1.  (4)  

Lemma 1. Assume that the differential 
equation (4) has a center at the origin. 
Then ܾ௡ሺ߱ሻ ൌ ܾ௠ሺ߱ሻ ൌ 0 and  
 ( ݊ ൅ ݆ െ ݉ ൅ 1ሻ  ܽ௡ା௝ି௠ାଵ	ܾ௠ሺ߱ሻ ൅

௝ܽାଵܾ௡ሺ߱ሻ ൌ 0 for j= 0,1,2,…. 

Proof. Suppose that the origin is a center 
for (4), then ܽଵሺ߱ሻ ൌ 1  and ܽ௜ሺ߱ሻ ൌ 0 
for i൒2. Since ܾ௠ି௜ሺ߱ሻ ൌ 0 for	݅ ൒ 1 and 
ܽ௦ ≡ 0 for s ൑ 0, hence from Theorem 2, 
we obtain that ܽ௞ ≡ 0 for k ൑ mെ 1 and 
ܽ௠ ൌ ܽଵܾ௠ ൅ ሺm െ n ൅ 1ሻܽ୫ି୬ାଵܾ௡ . 
Since ܽ୫ି୬ାଵ ≡ 0	 then ܾ௠ሺ߱ሻ ൌ 0 . By 
equation (3), ܽ௡ ൌ ሺn െm ൅
1ሻܽ୬ି୫ାଵܾ௠ ൅ ܽଵܾ௡ . Since ܽ௟ ൌ 0  or 
ܽ௟ ൌ c	ܾ௠

௥	 for ݉ ൑ ݈ ൑ n  where c is a 
constant and r ∈ N , then ܾ௡ሺ߱ሻ ൌ 0 . 
Finally from (3), we obtain that  
 ܽ௡ା௝ሺ߱ሻ	 = ( ݊ ൅ ݆ െ ݉ ൅ 1ሻ 
ܽ௡ା௝ି௠ାଵ	ܾ௠ሺ߱ሻ ൅ ௝ܽାଵܾ௡ሺ߱ሻ ൌ 0 
for j= 0,1,2,… as we wanted to prove. 

Remark2. 

1. Notice that for the case m = 1, the 
equation (4) is a Bernoulli’s equation 
which can be explicitly solved. In this 
case it is easy to see that equation (4) has 
a center at the origin if and only if 
ܾ௡ሺ߱ሻ ൌ ܾଵሺ߱ሻ ൌ 0. 

2. From Lemma 1 the origin is not a 
center for (4) if either ܾ௠ሺ߱ሻ ് 0  or 
ܾ௡ሺ߱ሻ 	് 0. 

4. Applications to rigid polynomial 
planar systems:  

In this section we apply the results of 
section 3 for studying the most important 
problem in the qualitative theory of planar 
vector fields is the study of center focus 
problem. 

Let us start giving our motivation to 
study the planar systems whose angular 
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speed is constant are usually called rigid 
systems. When the origin is a non 
degenerate they can be written as  

•ݔ ൌ ݕ ൅ ,ݔሺܨ	ݔ   ሻݕ
  (5) 
•ݕ ൌ െݔ ൅ ,ݔሺܨ	ݕ  ሻݕ
where F(x,y) is an arbitrary function of 
variables x and y. For these systems the 
center focus problem is equivalent to the 
isochronicity problem. This is one of the 
reasons for which they have already been 
studied by several authors; see for 
instance [1,5]. Our results are applicable 
to different systems as it is illustrated by 
the following corollary. 

Corollary 2. The origin of the family of 
rigid planar vector fields (5) is a center 
where ܨሺݔ, ሻݕ ൌ ሺx ൅ yሻሺ݀ଵ ൅ ሺݔ െ
∑ሻݕ ݀௜ሺݔ൅ݕሻ௜ିଶሻ

௡
௜ୀଶ , ݀௜∈	R. 

Proof. In this case, the system in polar 
coordinates becomes 

•ݎ ൌ ݀ଵሺܿߠݏ݋ ൅ ଶݎ	ሻߠ݊݅ݏ

൅෍݀௜ሺܿߠݏ݋

௡

௜ୀଶ
െ ߠݏ݋ሻሺܿߠ݊݅ݏ
൅ ሻ௜ିଵߠ݊݅ݏ  ௜ାଵݎ

•ߠ  ൌ 1 

By taking r as a function of ߠ, we get 
the single differential equation 
ݎ݀
ߠ݀

ൌ ݀ଵሺܿߠݏ݋ ൅ ଶݎ	ሻߠ݊݅ݏ

൅෍݀௜ሺܿߠݏ݋

௡

௜ୀଶ
െ ߠݏ݋ሻሺܿߠ݊݅ݏ ൅ ሻ௜ߠ݊݅ݏ ௜ݎ

ൌ ෍݌௞ሺߠሻ	

௡

௞ୀଶ

 	௞ݎ

 
which is a differential equation of type(1). 

Let ሻߠሺߪ	 ൌ ׬ ሺܿߠݏ݋ ൅ ߠሻ݀ߠ݊݅ݏ
ఏ
଴ , then 

ሻߨሺ2ߪ	 ൌ 0  and ݌௞ሺߠሻ ൌ ݀௜ߪ௞	 for k = 

3,4…,n. By Theorem 3 all solutions in a 
neighborhood of r ൌ 0  are 2π	 periodic 
and hence the origin is a center for the 
corresponding polynomial system. 

Using the same technique of proof in 
Corollary 2, the following result holds. 

Corollary 3. The origin of the family of 
rigid planar vector fields (5) is a center 
where ܨሺݔ, ሻݕ ൌ ሺݕ െ ሻሺ݀ଵݔ ൅
ሺݔ ൅ ∑ሻݕ ݀௜ሺݕ െ ሻ௜ିଶ௡ݔ

௜ୀଶ ሻ, ݀௜∈	R. 

Remark3. Since the rigid systems in 
Corollaries 2 and 3 has a unique singular 
point at the origin, then there is no limit 
cycle. 

2. It was shown in [5] that the system 
•ݔ ൌ ݕ ൅ ሺܽ	ݔ ൅ ௡݂ሺݔ,  ሻሻݕ
•ݕ  ൌ െݔ ൅ ሺܽ	ݕ ൅ ௡݂ሺݔ,  ሻሻݕ

has no limit cycles and the origin is a 
center if ܽ ൌ ܤ ൌ 0  and there are no 
periodic solutions if ܽଶ ൅ ଶܤ ് 0  and 
ܤ	ܽ ൒ , where a is a real 
parameter, 	 ௡݂ሺݔ, ሻݕ is a homogeneous 
polynomial of degree n and ܤ ൌ

׬ ௡݂ሺܿߠݏ݋ ൅ ߠሻ݀ߠ݊݅ݏ
ଶగ
଴ . 

In this paper we also discuss 
polynomial systems of the form  

•ݔ  ൌ െݕ ൅ ሺ	ݔ ଶ݂ሺݔ, ሻݕ ൅ ௡݂ሺݔ,  ሻሻݕ
 (6) 

•ݕ ൌ ݔ ൅ ሺ	ݕ ଶ݂ሺݔ, ሻݕ ൅ ௡݂ሺݔ,  ሻሻݕ
where ௡݂ሺݔ, ሻݕ is a homogeneous 
polynomial of degree n. Sufficient and 
necessary conditions for the origin to be a 
center are obtained in [6,7] for n =2 and 3 
and in [8,9] for n = 4 and 5. In general it is 
very difficult to find sufficient and 
necessary conditions for the origin to be a 
center for system (6) due to increasing 
expansion of computation during the 
management of large expressions. Hence 
we study special case of system (6).  

Our main result in this section is the 
following. 
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Theorem 4. The origin is a center for 
system  

•ݔ  ൌ െݕ ൅ ଶݔ	ሺܽ	ݔ ൅ ݕ	ݔܾ ൅ ଶݕ	ܿ 	൅
d	ݔ௡ିଵ ൅ ݕ	௡ିଶݔ	݁ ൅  ଶሻݕ௡ିଷݔ	݂

 (7) 
•ݕ ൌ ݔ ൅ ଶݔ	ሺܽ	ݕ ൅ ݕ	ݔܾ ൅ ଶݕ	ܿ 	

൅ d	ݔ௡ିଵ ൅ ݕ	௡ିଶݔ	݁
൅  ଶሻݕ௡ିଷݔ	݂

 if and only if the following conditions are 
satisfied: 

a ൅ c ൌ f ൅ ሺn െ 2ሻd ൌ a	e െ b	d ൌ
	a	݀ଶ ൌ 0  (8)  

where n is odd number and ݊ ൐ 3. 

Proof. The system (7) in polar coordinates 
r and θ	now	takes	the	form	
ௗ௥

ௗఏ
ൌ pଷሺߠሻݎଷ ൅ p୬ሺߠሻݎ௡  (9) 

where pଷሺߠሻ ൌ ߠଶݏ݋ܿ	ܽ ൅ ߠ݊݅ݏ	ߠݏ݋ܿ	ܾ ൅
  and ߠଶߠ݊݅ݏ	ܿ

p୬ሺߠሻ ൌ ߠ௡ିଵݏ݋ܿ	݀ ൅ ߠ݊݅ݏ	ߠ௡ିଶݏ݋ܿ	݁ ൅
 .ߠଶߠ݊݅ݏ	ߠ௡ିଷݏ݋ܿ	݂

First we proceed to prove the 
sufficiency of the conditions given in this 
Theorem. From equations (8) and after 
simple calculations, we have that either: 

(i) a ൌ c ൌ d ൌ f ൌ 0 or 
ሺ݅݅ሻ	ܽ ൌ ܾ ൌ ܿ ൌ 0, ݂ ൌ ሺ2 െ ݊ሻ݀ ൌ 0 or 

ሺ݅݅݅ሻ	݀ ൌ ݁ ൌ ݂ ൌ 0, ܿ ൌ െܽ. 

Case (i) is straightforward, the system is 

•ݔ  ൌ െݕ ൅ 	ݕ	ݔሺܾ	ݔ ൅   ሻݕ	௡ିଶݔ	݁
•ݕ	 ൌ ݔ ൅ 	ݕ	ݔሺܾ	ݕ ൅  ሻݕ	௡ିଶݔ	݁
which is symmetric in the y-axis. So the 
origin is a center. When condition (ii) of 
Theorem holds, the equation (9) becomes 
ௗ௥

ௗఏ
ൌ ሺ݀	ܿݏ݋௡ିଵߠ ൅ ߠ݊݅ݏ	ߠ௡ିଶݏ݋ܿ	݁ ൅

ሺ2 െ ݊ሻ݀	ܿݏ݋௡ିଷߠ	ߠ݊݅ݏଶߠሻ	ݎ௡. 

Since 

׬ ሺ݀	ܿݏ݋௡ିଵߠ ൅ ߠ݊݅ݏ	ߠ௡ିଶݏ݋ܿ	݁ ൅
ଶగ
଴
ሺ2 െ ݊ሻ݀	ܿݏ݋௡ିଷߠ	ߠ݊݅ݏଶߠሻ݀ߠ ൌ 0.  

By Theorem 3 all solutions in a 
neighborhood of r = 0 are 2ߨ periodic and 
hence the origin is a center for the 

corresponding system. In case (iii) the 
equation (9) becomes  
ௗ௥

ௗఏ
ൌ ܽ	ሺܿݏ݋ଶߠ െ	ߠ݊݅ݏଶߠሻ ൅   ߠ݊݅ݏ	ߠݏ݋ܿ	ܾ

Since ׬ ሺܽ	ሺܿݏ݋ଶߠ െ	݊݅ݏଶߠሻ ൅
ଶగ
଴

ߠሻ݀ߠ݊݅ݏ	ߠݏ݋ܿ	ܾ ൌ 0 , the origin is a 
center by Theorem 3. Therefore, the 
sufficient part of Theorem is proved. 

To prove the necessity of the 
conditions is derived from the focal values 
by computer algebra system with Maple. 
From Lemma 1 if the origin is a center for 
equation (9) then must be 

ܽଷሺ2ߨሻ ൌ ܾଷሺ2ߨሻ ൌ 0 , ܽହሺ2ߨሻ ൌ
3ܾଷ

ଶሺ2ߨሻ ൌ 0,ܽ௡ሺ2ߨሻ ൌ ܾ௡ሺ2ߨሻ ൌ 0 

 ܽ௡ାଶሺ2ߨሻ ൌ ሺ݊	ܾ௡ܾଷ ൅ 3	ܾଷܾ௡ሻሺ2ߨሻ ൌ 0  

ܽ௡ାସሺ2ߨሻ ൌ ቀሺ	݊ ൅ 2ሻሺ݊	ܾ௡ܾଷ ൅

3	ܾଷܾ௡ሻܾଷ ൅ 5ܾଷ
ଶ	ܾ௡ቁ ሺ2ߨሻ ൌ 0  (10) 

After simple calculation we get 

ܾଷሺ2ߨሻ ൌ ׬ ߠሻ݀ߠଷሺ݌
ଶగ
଴ ൌ ሺܽ	ߨ ൅ ܿሻ. 

Since ׬ ߠ݀	ߠ௠݊݅ݏ	௡ݏ݋ܿ
ଶగ
଴ ൌ

൝
݀݀݋	ݏ݅	݉	ݎ݋	݊	݂݅																											0

ߨ2 ሺ௡ିሻ!!ሺ௠ିሻ!!

ሺ௡ା௠ሻ!!
 ݊݁ݒ݁	݁ݎܽ	݉	݀݊ܽ	݊	݂݅												

then ܾ௡ሺ2ߨሻ ൌ ׬ ߠሻ݀ߠ௡ሺ݌
ଶగ
଴ ൌ

ߨ2 ሺ௡ିସሻ!!

ሺ௡ିଵሻ!!
	ሺሺ݊ െ 2ሻ	݀ ൅ ݂ሻ if n is odd. 

From equations (10), we must be 
ܿ ൌ െܽ and ݂ ൌ ሺ2 െ ݊ሻ݀ if the origin is 
a center of system (7). Substituting 
ܿ ൌ െܽ into ݌ଷሺߠሻ, then ܾଷ

௞ሺ2ߨሻ ൌ 0 for 
k=1,2,3,…, hence ܽହሺ2ߨሻ ൌ ⋯ ൌ
ܽ௡ିଵሺ2ߨሻ ൌ 0.  Now Substituting ܿ ൌ െܽ 
and ݂ ൌ ሺ2 െ ݊ሻ݀  into ݌ଷሺߠሻ  and ݌௡ሺߠሻ , 
then after tedious computation 

ܽ௡ାଶሺ2ߨሻ ൌ ሺ2݊ߨ2	 െ 6ሻ ሺ௡ିଶሻ!!
ሺ௡ାଵሻ!!

	ሺܽ	݁ െ

ܾ	݀ሻ. 

Also if the origin is a center for 
system(7) then ܽ	݁ െ ܾ	݀ ൌ 0  (11) 

Now if ܽ ൌ 0.From equation (11), we 
have that either (i) 	ܾ ൌ 0  or (ii) ݀ ൌ 0 . 
For case (i) and (ii), then conditions (8) 
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are obtained. If ܽ ് 0, substituting ݁ ൌ ௕	ௗ

௔
 

into ݌௡ሺߠሻ, then 
 ܽ௡ାସሺ2ߨሻ ൌ െ2ߨሺ݊ െ 3ሻሺ݊ଶ ൅ 2	݊ ൅

5ሻ
ሺ௡ିଶሻ‼

ሺ௡ାଷሻ‼
	ܽଶ	݀ . If the origin is a center 

then 	ܽଶ	݀ ൌ 0 . Thus we can obtain the 
relations (8). This complete the proof of 
the Theorem. 

To find the maximum number of small 
amplitude limit cycles which can bifurcate 
from the origin. From our calculations in 
Theorem 4, if a ൅ c ൌ 0 , f ൅ ሺn െ 2ሻd ൌ
0  and a	e െ b	d ൌ 0  then ܽଷሺ2ߨሻ ൌ
ܽହሺ2ߨሻ ൌ ⋯ ൌ ܽ௡ሺ2ߨሻ ൌ  ܽ௡ାଶሺ2ߨሻ ൌ 0 
and ܽ௡ାସሺ2ߨሻ ൌ െ2ߨሺ݊ െ 3ሻሺ݊ଶ ൅ 2	݊ ൅

5ሻ
ሺ௡ିଶሻ‼

ሺ௡ାଷሻ‼
	ܽଶ	݀ , which is different from 

zero if a	and ݀ are different from zero, and 
therefore we obtain a fine focus of order 

௡ାଷ

ଶ
 for system (7). Therefore we have the 

following result. 

Corollary 4. The maximum number of 
small amplitude limit cycles which can 

bifurcate from the origin is at least 
௡ାଷ

ଶ
 for 

system (7). 

Conclusion:  

In this work we proved new sufficient 
conditions for generalized Abel 
differential equation to have a center. The 
results is applied to found necessary and 
sufficient center conditions for the 
Poincare’s system. Also found the 
maximum number of small amplitude 
limit cycles which can bifurcate from the 
origin of rigid system. 
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