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Abstract:

A new condition is given for generalized Abel differential equation to have a center. We
apply the results to some polynomial differential systems in the plane to find necessary

and sufficient center conditions.
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1. Introduction:

We  consider  generalized
differential equation of the form

B =y, pi(t) X @)

dt

where py(t) are real valued continuous
functions on [0, w] and x € R. For a fixed
real number ® we seek information about
the number of solutions of (1) satisfying

Abel

x(0) = x(w);we say that such solutions
are periodic of period w. The solution x =
0 is called a center for (1) if all solutions
starting in a neighborhood of x = 0 are ®-
periodic solutions. Furthermore, if they
are isolated are called limit cycles of (1).
Let x (t, ¢) be the solution of (1) such that
x(0,¢c)=c.

We write, for 0 <t< w and c in a
neighborhood of the origin x(t;0,¢) =
Yz a;(6) x".

Since x(0;0,c) =c, we must have
a;(0) =1 and q;(0) =0 for i=>2.The
values of a;(w) is called the i th focal
value. The origin is a center if and only if
a;(w) =1 and q;(w)=0 for i>2
(see[2,3]).

Let by, denote the operator multiply by
pr and integrate. For example

bztb4b3(t) =
fo p2(s) fos P4(r) for p3(uw) dudrds.
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Abel equations arise in several
circumstances but perhaps the main
reason for their recent study is connected
to the family of systems

x*=y+M(x,y)
(2

y x+ N(x,y)

when M and N are homogenous
polynomials of the same degree n=2.For
systems of the form (2), the origin is a
singular point of focus type fine (if it is a
center for the correspo-nding linearzed
system). Limit cycles bifurcate out of a
fine focus when the coefficients of M and
N are perturbed suitably; limit cycles so
generated are said to be of small
amplitude. A transformation due to
Cherkas allows us to bring these systems
to the form (1) where p; are now
trigonometric polynomials.There are also
transformations to Abel-type equations for
more general systems; see [3]. This
trigonometric Abel equation has been
used in a large number of works in order
to estimate the number of limit cycles or
obtain center conditions.

2. Preliminaries:

We shall give the two main results on
which this work is based. The first is a
result due to Devlin [4], which concern
center conditions for (1).
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Theorem 1[4]. Suppose that there is a
differentiable function o(t) such that
0(0) = o(w) and that for each k€
{2,3, ...,n}, there is a continuous functions
fx defined on

I =0([0,w]) such that p(t) =
fi(a(t)) o°(t). Then the origin is a center
for the differential equation (1).

Also the second result due to Devlin [4],
which enables to give the formula of
a, (t) to find center conditions of (1).

Theorem 2[4]. Forn # 1,

an = Z?:Z(n —i+ 1)an—i+1 bi . (3)

3. Center of Abel equations:

In this section, first we give a general
condition for a center. For this purpose we
must prove the following results in below.

Theorem 3. Suppose that p; has mean
value zero and for k € {2,3,...,n}\{j},
there is a continuous functions f;, defined
on [ =0([0,w]) such that p.(t) =
fx(a(t)) o°(t) where a(t) = fot p;(s) ds.
Then the origin is a center for the
differential equation (1).

Proof. Suppose that fow pi(s)ds =
0 and pi=fi(o) o where o(t) =
fotpj(s) ds for k€{23,..,n}\

{j}Then 0(0) = 0(w) and p, = fr(c) c°
for k = 2,3, ..., n. Hence the hypothesis of
Theorem 1 are satisfied, then the origin is
a center for (1).

Remarkl. Theorem 3 includes known
conditions for the origin to be a center:
p.=0 for k=1{23,..,n}\{j} and
fow p;(s) ds = 0 (see corollary 7.3 in [4]).
As a consequence of Theorem 3, one has
obtained the following result.

Corollary 1. If py = ¢, p; and p; has

mean value zero where cj, is a constant for
k ={2,3,..,k}\ {/}. Then the origin is a
center for the differential equation (1).
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In this paper we consider the following
natural extension of the Abel equation
x° = pp(t) x™ + pp(t) x™ with n > m
>1. 4)

Lemma 1. Assume that the differential
equation (4) has a center at the origin.
Then b,,(w) = b,,(w) = 0 and
(n+j—m+1) An+j-m+1 b (w) +
aj;1bn(w) = 0 for j=0,1,2,....

Proof. Suppose that the origin is a center
for (4), then a;(w) =1 and a;(w) =0
for i>2. Since b,,,_;(w) = 0 fori > 1 and
a; = 0 for s < 0, hence from Theorem 2,
we obtain that a, =0 fork <m —1 and
am = a1bym + (M —n+ 1)ay_ny1by
Since ay_p4q = 0 then b, (w) =0. By
equation (3), a,=m-m+
Day_mi1bm + a1b, . Since q; =0 or
a,=cbh,,’ for m<1<n where ¢ is a
constant and r € N, then b,(w) =0.
Finally from (3), we obtain that

Qi () ( n+j-m+1)
Antj-m+1 bp(w) + aj+1bn(w) =0

for j=0,1,2,... as we wanted to prove.

Remark?2.

1. Notice that for the case m = 1, the
equation (4) is a Bernoulli’s equation
which can be explicitly solved. In this
case it is easy to see that equation (4) has
a center at the origin if and only if
b,(w) = b;(w) = 0.

2. From Lemma 1 the origin is not a
center for (4) if either b,,(w) # 0 or
b,(w) # 0.

4. Applications to rigid polynomial
planar systems:

In this section we apply the results of
section 3 for studying the most important
problem in the qualitative theory of planar
vector fields is the study of center focus
problem.

Let us start giving our motivation to
study the planar systems whose angular
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speed is constant are usually called rigid
systems. When the origin is a non
degenerate they can be written as

x*=y+xF(xy)
()

y'=-x+yF(xy)

where F(x,y) is an arbitrary function of
variables x and y. For these systems the
center focus problem is equivalent to the
isochronicity problem. This is one of the
reasons for which they have already been
studied by several authors; see for
instance [1,5]. Our results are applicable
to different systems as it is illustrated by
the following corollary.

Corollary 2. The origin of the family of
rigid planar vector fields (5) is a center
where Flx,y)=x+y)(d, + (x —
Y) Xz di(x+y)'7%), d;€R.

Proof. In this case, the system in polar
coordinates becomes

r* = d;(cos + sinf) r?
n

+ 2 d;(cosf
i=2

— sinf)(cosb
+ sin@) "t ritt

0°=1
By taking r as a function of 8, we get
the single differential equation

dr

i ; 2
70 d,(cosO + sinf) r

n
+ 2 d;(cosf
i=2

— sinf)(cosB + sinf)‘rt
n

= z pr(6) r*
=2

which is a differential equation of type(1).
Let 0(8) = foe(cosﬁ + sin8)dO , then
o(2m) =0 and p,(0) = d;o* for k
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3,4...,n. By Theorem 3 all solutions in a
neighborhood of r =0 are 2m periodic
and hence the origin is a center for the
corresponding polynomial system.

Using the same technique of proof in
Corollary 2, the following result holds.

Corollary 3. The origin of the family of
rigid planar vector fields (5) is a center
where F(x,y) =y —x)(d, +
(x+M I, di(y —x0)'%), d;€R.

Remark3. Since the rigid systems in
Corollaries 2 and 3 has a unique singular
point at the origin, then there is no limit
cycle.

2. It was shown in [5] that the system
x*=y+x(a+f(x,y)
y'=-—x+y(a+filx,y)

has no limit cycles and the origin is a
center if a =B =0 and there are no
periodic solutions if a?+ B? # 0 and
aB = where a is a real
parameter, f,,(x,y) is a homogeneous

polynomial of degree n and B =
fozn fn(cosO + sinf)do .
In this paper we also discuss

polynomial systems of the form

x* =—}’+X(fz(x;J’)+fn(x;}’)) (6)
y. =X +y (fz(x:Y) +fn(x'3’))
where f,(x,y) is a homogeneous

polynomial of degree n. Sufficient and
necessary conditions for the origin to be a
center are obtained in [6,7] for n =2 and 3
and in [8,9] for n =4 and 5. In general it is
very difficult to find sufficient and
necessary conditions for the origin to be a
center for system (6) due to increasing
expansion of computation during the
management of large expressions. Hence
we study special case of system (6).

Our main result in this section is the
following.
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Theorem 4. The origin is a center for
system

x*=-y+x(ax*+bxy+cy® +
dx"t+ex2y+ fx"3y?)

(7
y"=x+y(ax®*+bxy+cy?
+dx"l+ex" 2y
+fx"7y?%)
if and only if the following conditions are
satisfied:
atc=f+(n—2)d=ae—bd=
ad?=0
where n is odd number and n > 3.

(8)

Proof. The system (7) in polar coordinates
r and O now takes the form
& = pa()r® + pa(O)r" ©)
where p;(0) = a cos?6 + b cosf sinf +
¢ sinf?0 and
pn(60) = d cos™ 10 + e cos™ 20 sind +
f cos™ 30 sinB?0.
First we proceed to prove the
sufficiency of the conditions given in this
Theorem. From equations (8) and after
simple calculations, we have that either:
(i)a=c=d=f=0or
(ii)a=b=c=0,f=2—-n)d=0or
(iii)d=e=f=0,c =—a.
Case (i) is straightforward, the system is
x*=—-y+x(bxy +tex"?%y)
y'=x+y((bxy +ex"?%y)
which is symmetric in the y-axis. So the
origin is a center. When condition (ii) of
Theorem holds, the equation (9) becomes
Z—; = (d cos™ 10 + e cos™ %0 sinf +
(2 —n)d cos™ 30 sin6?%6) r™.
Since
fozn(d cos™ 16 + e cos™ 20 sinb +
(2 —n)d cos™ 30 sin6%6)do = 0.

By Theorem 3 all solutions in a
neighborhood of r = 0 are 2w periodic and
hence the origin is a center for the
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corresponding system. In case (iii) the
equation (9) becomes

Z—; = a (cos?6 — sinB%6) + b cosO sinf

Since fozn(a (cos?6 — sin?0) +
b cos@ sinf)d6 =0, the origin is a

center by Theorem 3. Therefore, the
sufficient part of Theorem is proved.

To prove the necessity of the
conditions is derived from the focal values
by computer algebra system with Maple.
From Lemma 1 if the origin is a center for
equation (9) then must be

a;(2m) = b;(2m) =0 , as(2m) =
3b,%(2m) = 0,a,(2m) = b,(27) = 0
an+2(2m) = (n bybs + 3 b3by)(2m) = 0

ape4(2m) = ((n+2)(n bbs +
3 bsbn)bs + 5bs% by ) (21) = 0

After simple calculation we
b;(2m) = foznp3(9)d9 =7 (a+c).

(10)
get

Since fozn cos” sin™6 df =
0 if nor misodd
o PO if n and m are even
(n+m)!!
then b,(2m) = f02”pn(9)d9 -
2r 8 ((n = 2) d + f) if n is odd.

(n=1)!!

From equations (10), we must be
¢ =—aand f = (2 —n)d if the origin is
a center of system (7). Substituting
¢ = —a into p;3(0), then b3k(27'[) = 0 for
k=1,2,3,..., hence as(2m) = -+
a,-1(2m) = 0. Now Substituting ¢ = —a
and f = (2 —n)d into p5(08) and p,(0),

then after tedious computation
-2)!!

Ani,(2m) = 2(2n — 6) % (ae—

b d).

Also if the origin is a center for
system(7)thenae —bd =0 (12)

Now if a = 0.From equation (11), we
have that either (i) b =0 or (ii) d = 0.
For case (i) and (ii), then conditions (8)
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bd
a
into p,,(0), then following result.
ap4(2n) = 2n(n—3)(n?+2n +
5) (n—=2)!
(n+3)!!
then a?d = 0. Thus we can obtain the
relations (8). This complete the proof of
the Theorem.

are obtained. If a # 0, substituting e = n7+3 for system (7). Therefore we have the

Corollary 4. The maximum number of
small amplitude limit cycles which can

a’d. If the origin is a center

bifurcate from the origin is at least nTH for
system (7).

To find the maximum number of small  conclusion:
amplitude limit cycles which can bifurcate . .
from the origin. From our calculations in In this work we proved new sufficient
Theorem 4, ifa+c=0, f+ (n—2)d = C(.)ndltIOI.lS for. generalized  Abel
0 and ae—bd=0 then as(2n)= dlffcelreqtlal ecllgaélon th) ha(\i/e a center. Th::e1

= — _ results is applied to found necessary an

:3((12: ) _(2 n)_ :a,i(ZZ ;T()n_— g)n (J,sz(in% ;_E sufficient center conditions for the

(n_’;;!" Poincare’s system. Also found the
5) (n+3)! maximum number of small amplitude
zero if a and d are different from zero, and  limit cycles which can bifurcate from the
therefore we obtain a fine focus of order origin of rigid system.

a®? d, which is different from
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